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Abstract. Let Q be a finite quiver without loops. Then there is an admissible 
ideal / such that the algebra kQ/I has global dimension at most two and is 
(strongly) quasi-hereditary. In addition some other (strongly) quasi-hereditary 
algebras kQ/I' are constructed with bigger global dimension. 

1. Introduction 

Let Q be a finite quiver and I an admissible ideal of the path algebra kQ. 
The global dimension gldim(fcQ/7) of the finite-dimensional algebra kQ/I is an 
important invariant of the category of finite-dimensional left kQ/I- modules. We 
are interested in the following question: Which natural numbers can actually occur 
as global dimensions of an algebra kQ/I for some fixed finite quiver Q with different 
admissible ideals II 

It is well known that if Q contains a loop, the global dimension of kQ/I is infinite 
for any admissible ideal /. For a finite quiver Q with at least one arrow an admissible 
ideal / with gldim(fcQ/7) = 1 exists if and only if Q has no oriented cycles. In 
Corollary [2] we answer this question for global dimension 2. But we only consider 
small global dimensions since the global dimension of a finite-dimensional algebra is 
neither bounded by a function depending on the number of simple modules (see [T]) 
nor by a function on the Loewey length of the algebra (see [5]). 

1.1. Main Result. A quiver R — (Ro, R\, s R , t R ) is a subquiver of a quiver Q — 
(Qo,Qi,SQ,t Q ), if R Q C Qo, R x C Q x , s R = s Q \ Rl and t R = t Q \ Rl . For m £ N >0 
let A m be the quiver 

1 > 2 > ■ ■ ■ > m - 1 > m 

and X m the quiver j/*^ \^ 

1 > 2 > > i > ■ ■ ■ > m 

with some 1 < i < m. 

Theorem 1. Let Q be a finite quiver without loops. 

(a) Then there exists an admissible ideal I such that gldim(kQ / 1) < 2. 

(&) Let k.m £ N with 2 < k < m. If A m is a subquiver of Q, then there exists 

an admissible ideal I' such that gldim(/cQ//') = k. 
(c) Let k.m G N with 2 < k < m. If X m is a subquiver of Q, then there exists 
an admissible ideal I' such that gldim(/cQ//') = k. 
Moreover all these ideals are generated by zero relations of length at most three and 
the algebras are strongly quasi-hereditary. 

The proof of this theorem is given in Section [3] The following corollary is a 
direct consequence. 

Corollary 2. Let Q be a finite quiver. Then there is an admissible ideal I such 
that gldim(fcQ//) = 2 if and only if Q has no loops and (kQ + ) 2 ^ 0. 
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Example 3. Let Q be the quiver 



a 



1 
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J the admissible ideal (da, cf, ef, cb, eb) and I' = I + (6a). Then gldim(fcQ/7) = 2, 
gldim(fcQ//') = 3 and the algebras kQ/I and kQ/I 1 are strongly quasi- hereditary. 

1.2. Acknowledgement. I thank Dieter Happel for asking this nice question. He 
obtained most of these results independently. Additionally I thank Martin Kalck 
for discussing and reading my results. 



2.1. Path algebra. Let k be a field. Let Q — (Qo,Qi,s,t) be a finite quiver, i.e. 
a finite oriented graph with vertex set Qo, arrow set Qi and maps s,t: Qi — > Qo 
indicating the start and terminal point of each arrow. An oriented path p = a\ . . . a n 
in Q is the concatenation of some arrows oi, . . . , <X n € Q\ such that t(ai+\) — s(ai) 
for all 1 < i < n. Additionally we introduce a path of length zero for each vertex 
i £ Qo- The path algebra kQ of a quiver Q is the fc-vector space with the set of 
oriented paths as a basis. The product of basis vectors is given by the concatenation 
of paths if possible or by zero otherwise. Let kQ + be the ideal in the path algebra 
kQ, which is generated by all arrows in Qi. An two sided ideal / of the path algebra 
kQ is called admissible if there is a k <E N> with (kQ + ) k C I C (kQ + ) 2 . 

Let Q be a finite quiver and / an admissible ideal. Then kQ/I is a finite- 
dimensional fc-algebra. The isomorphism classes of simple left kQ/I- modules are 
in a unique bijection with the vertices Qo of the quiver Q. So we denote the simple 
module associated to i £ Qo by S(i) and the projective cover of S(i) by P{i). 

2.2. Global dimension. Let Q be a finite quiver, / an admissible ideal and M a 
kQ/I- module. The projective dimension pdim(Af) of the module M is the length 
of a minimal projective resolution. The global dimension gldim(fcQ/7) of the al- 
gebra kQ/I is the supremum of the projective dimensions of all modules. These 
dimensions are in general not finite. But it is well known that the global dimension 
of kQ/I is the maximum of the projective dimensions of all simple modules. 

2.3. Quiver of a module. Let Q be a finite quiver, / an admissible ideal and M 
a kQ/I- module. Take some Jordan Holder filtration = Mo C Mi C Mi C . . . C 
M t = M of M with Mi/Mi_i S S(j(i)) and E Q Q for all 1 < i < t. Thus 
for each 1 < i < t a vector Vi € Mi — M^_i exists such that ej/^Vi = Vi. Now we 
associate a quiver to the module M: 

The vertices are the basis vectors v\, . . . ,v t . Let Vi and Vj be two vectors and 
a £ Qi such that Xj ^ in avi — J2k ^k v k- In this case there is one arrow called a 
from Vi to Vj. Note that in general this quiver depends on the chosen basis. 

For the quiver associated to M we write j(i) instead of Vi for all 1 < i < t. 

2.4. Quasi-hereditary algebra. The algebras constructed in the proof of Theo- 
rem [1] arc strongly quasi- hereditary in the sense of Ringel [3 . 

Definition 4. Let Q be a finite quiver with Qq — {1,2, ... ,n} and / an admissible 
ideal. We say that kQ/I is strongly quasi-hereditary if there is for any i e Qo an 
exact sequence 



2. Definitions 



(1) 



-)■ R(i) P(i) A(i) 
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with the following two properties: 

(a) R(i) is a direct sum of projective modules P(j) with j < i. 

(b) If S(j) is a composition factor of rad(A(i)), then j > i. 

In [3] Ringel proved that a strongly quasi-hereditary algebra kQ/I with Qq = 
{1, 2, . . . , n} is also quasi-hereditary and has global dimension at most n. 

2.5. Examples. 

Example 5. Let Q be the quiver with one vertex 1 and one loop a and let 7 = (a 3 ). 
Then the quiver associated to 5(1) and P(l) are given by 

l 1A1A1. 

In this case pdim5(l) = oo, pdimP(l) = and gldim(fcQ/7) = oo. Thus the 
algebra kQ /I is not strongly quasi-hereditary. 

Example 6. Let n G N>o, Q the quiver 1 — L -> 2 — h . . . ^A n and I = (aj+iaj|l < 
i < n— 2). Then the quivers of S(i) and P(j) with j, j € <5o and j ^ n are given by 

Then pdim S(i) — n — i, gldirn(fc<2/7) = n — l and kQ/I is strongly quasi-hereditary. 

3. Proof of Theorem Q] 

The proof of the main theorem is divided into five propositions. The following 
relabeling of the vertices and arrows of Q is possible for any finite quiver without 
loops. Let n, r,-j € N and Q be the quiver with 

Q Q = {l,...,n}, 

Qi = {ajjt : i j\i,j eQo,*eN,i^j,l<K r^}. 
Let 7 be the ideal 

(2) I = (a klt a jk u\i,j,k G Q ,t,u eN,i< fc, j < fc, l < < < r fcl , 1 < it < r jfe ). 
This ideal is admissible, since (kQ + ) 2n ~ l C 7. 

Proposition 7. Lei Q be a finite quiver without loops and I the ideal defined in 
Equation (©. Then gldim(fcQ/7) < 2. 
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FIGURE l. The projective modules P(i) with i e {1,2,3,4} for 
n = 4 and r^,- = 1. 



Proof. Figure [T] shows the quivers of the indecomposable projective modules for 
n = 4 and ry = 1 for all i,j g Qo with i ^ j. Using these pictures we get in general 
for each i g Qo the following minimal projective resolution: 

(3) °^ W"* -> P(if« ^ P(i) ^5(i) ^ 0. 

j&Qo,j>ik£Q ,k<j j'eQo— {»} 

This means gldim(A:Q/7) < 2. □ 
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Let A m be a subquiver of Q. Then Ak with k < m is also a subquiver of Q. If 
A rn can be extended to some X m in Q (i.e. there is a o £ Qi with s(a) — m and 
t(a) G (A m )o), then it is enough to study the case that X m is a subquiver of Q 
(see Proposition ITT]) . Otherwise Part (0 of Theorem [TJ is proven in the following 
proposition. 

Proposition 8. Let Q be a finite quiver without loops and m G N with m > 3. // 
A m is a subquiver of Q, which cannot be extended to some X m in Q, then there 
exists an admissible ideal I' such that gldim(fcQ/P) = m — 1. 

Proof. Let m G N with m > 3 and A m a subquiver of Q. Thus we have r-j^+i > 
for all 1 < i < m. We use the ideal I defined in @ and Proposition [7J Let 

I' = I + (ai +M+ 2, f a vi+ i,„|i G Qa,t,u G N,i < m - 2, 

1 < * < ri + i,i + 2, 1 < u < r iti+ i). 

For i G Q define = (B jeQoJ<l P{j) nj and A (0 = using that 

is a direct summand of rad-P(i). For i G Qo with i < m let T(i) be the cokernel of 
some map R(i) © P(i + l) ri l+1 — > P(i) such that T(i) is minimal with this property. 
Thus r(i) is unique and the top of T(z) is isomorphic to S(i). 

Again we give the quivers of indecomposable projective modules for n = 5, m = 4 
and rij = 1 for all i, j G Qo with i 7^ j in Figure [2] Figure |3] and UJ shows the quivers 
of the modules A(i) and the T(i) in this case. 



4 
4 

5 



2^ 3 
i I' 
5 4 

5 



4 
I 

5 



P(l) 




P(l) P(2) P(3) 



3 4 

I i 

5 5 



.3 

P(l) P(2) 



P(l) P(2) P(3)^P(4) 



Figure 2. The projective modules P(i) with i G {1,2,3,4,5} for 
n — 5, m = 4 and n,- = 1. 
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FIGURE 3. The modules A(i) with i G {1,2,3,4,5} for n = 5, 
m — 4 and r.y = 1. 

Since Sequence Q is exact for all i G Qo with z > m — 1 we get pdim(5(i)) G 
{0, 1, 2} in this case. With Figure [H [3] and H] we get in general for each i G Q with 
i < m — 2 an exact sequence 

(4) Q^E(i)er(j + l) ri ' i+I e A{j) r » 1 ->■ P(<) 5(i) -y 0. 

jeQo,j>*+2 
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FIGURE 4. The modules F(i) with i e {1,2,3} for n = 5, to = 4 
and r,,- = 1. 



Using pdim(r(i + 1)) > 1 for all i e Qo with i < to — 2 we get pdim(S'(i)) = 
pdim(r(i + 1)) + 1. Since in this case the sequence 

(5) -> R(i) © T(i + l) ri - <+1 -» -)■ r(i) 

is exact we know pdim(r(i)) = pdim(r(i + 1)) + 1. Thus for i £ Qo with i < to — 2 

pdim(5(i)) = pdim(r(z + 1)) + 1 = pdim(r(TO — 1)) + m — 1 — i. 
Therefore pdim(S'(i)) < pdim(S'(l)) for all i £ Qo and 

gldim(fc<3//') = pdim(r(TO - 1)) + to - 2. 
It is not hard to compute the minimal projective resolution of T(m — 1): 

(6) R(m) rm - 1 ' m R(m - 1) © P^mY™- 1 -™ P(m - 1) -> T(to — 1) — ^ 0. 

Now we assume that A m cannot be extended to some X m in Q. Thus R(m) = 0. 
Then Sequence (j6|) provides pdim(T(m — 1)) = 1 and gldim(fcQ//') = m — 1. □ 

Remark 9. The proof of Proposition [5] holds up to Sequence (0 for general sub- 
quivers A m . Hence we can use it for X m , too. 

Let X m be a subquiver of Q and i £ (X m )o with r m i ^ 0. So we can assume that 
i is chosen maximal for fixed vertices (X m )o = {1, . . . , to}. Thus (by relabeling the 
vertices) X m _j is also a subquiver of Q for all < j < i and A m _i as well. Using 
Proposition [5] the following two propositions yield Part (jcj) of Theorem [TJ 

Proposition 10. Let Q be a finite quiver without loops and m £ N with to > 
2. If X m is a subquiver of Q, then there exists an admissible ideal V such that 
gldim(fc<5//') = m. 

Proof. Using the proof of Proposition [SJ especially the notation, R{m) ^ 0. Then 
in this case Sequence © yields pdim(r(TO — 1)) = 2 and gldim(fc<5//') = to. □ 

Proposition 11. Let Q be a finite quiver without loops and m £ N with to > 
4. // X m is a subquiver of Q, then there exists an admissible ideal I" such that 
gldim(yfcQ/J") =m-l. 

Proof. This proof is done very similar to the proof of Proposition [SJ Let 

I" = I + (a i+M+ 2, f a M+ i !tl |i £ Q ,t, u £ N,i < m - 4, 

1 < t < r. i+M+2 , 1 < w < r M+ i) 

© \^m— l,m,s^m— 2.m— l,i&m— 3 : m— 2.w 1 5) ^ ^ M, 1 5^ 8 ^ ^*m — l,m: 

1 < t < r m _ 2 ,m-i, 1 < u < r m _3 lTO _ 2 }. 

We define A(i) and as in the proof of Proposition |8l Thus r^+i > 

for all 1 < i < m and R(m) ^ 0. Again we give some quivers of indecomposable 
projective modules for n = 5, to = 4 and r<j = 1 for all i,j £ Qo with i ^ j in 
Figure [5] 
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Figure 5. The projective modules -P(l) and P(2) for n = 5, m = 
4 and ra = 1. 



Since Sequence ([3]) is exact for all i € Qq with i > m — 2 we get pdim(S'(j)) G 
{0, 1,2} in this case. For i = m — 3 we construct the following exact sequences with 

' ^*m— 3,m— 2'm— 2,m— 1' m— l,m* 

->■ P(m) r -> P(m - 2) rm - 3 -™- 2 © P(m) r 

-> R(m - 3) © P(m - 2) r ™~ 3 -™- 2 © A(j) r ™- 3 ^ 

jeQo,j>"i-i 

-> P(m - 3) S(m - 3) ->• 0, 

-> i?(m) r -> P(m - 2) rm - 3 -™- 2 © P{m) r 

->■ R(m - 3) © P(m - 2) rm - 3 -™- 2 -)• P(m - 3) -> r(m - 3) -)• 0. 

Since pdim(A(j)) < 1 and R(m) ^ we get pdim(S'(m — 3)) = pdim(T(m — 3)) = 3. 
With Figure [5] Sequence (j4]) and ([5]) are exact again for each i e Qq with i < m — 4. 
Thus in this case pdim(r(i)) = pdim(T(i + 1)) + 1 and 

pdim(5'(i)) = pdim(r(i + 1)) + 1 = pdim(r(m — 3)) + to — 3 — i = m — i. 

Therefore gldim(fcQ/7") = to - 1. □ 

The following proposition completes the proof of Theorem [1] 

Proposition 12. The algebras occurring in Proposition^ f51 1 1 (A and \ 1 1\ are strongly 
quasi-hereditary. 

Proof. Define R(i) and A(i) as above. Thus Sequence ([!} is exact and by the 
construction of the ideal / holds dm\k Hom fe Q//(P(j), A(z)) = 6ij for all j e Qq 
with j < i. □ 
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